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AN INPROVED ANALYTICAL DRAG THEORY FOR THE 
ARTIFICIAL SATELLITE PROBLEM 

>I, ti. Lane and K .  H. Cranford 
Deputy of Evaluation 

4 Fourteenth Aerospace Foree 
Ent Air Force Base, Colorado 

Abstract 

X s  paper presents a so lu t ion  f o r  satellite 
o r b i t s  i n  a non-rotatine atmosvhere which takes  
i n t o  account the couplex effec'ts of atmospheric 
drag ,and the  second, t h i rd ,  and fourth zonal 
harmonics. I t  is  an extension t o  t h e  Analytical 
Drag 'Iheory developed by Lane3 in 1965. Limita- 
t i o n s  t o  the  theory f o r  small eccen t r i c i t i e s  and 
small inc l ina t ions  no longer appear. Certain terns 
with coef f ic ien ts  of the  forn B02t2 and B o w  
(where Bo i s  t h e  drag coef f ic ien t  and t is  the  
time), which were not  present i n  e i t h e r  Lane's 
paper or i n  t h e  Brouwer-Hori2 theory, were found t o  
be s ign i f i can t  f o r  low s a t e l l i t e s  and have been 
included, ?he c r i t e r i o n  used i n  this paper is  that 
terms contributing more than 600 meters in  posit ion 
e r r o r  over a predic t ion  span o f  a t  l e a s t  ten days 
(unless decay occurs e a r l i e r )  would be retained. 
Where J 2  is the  coef f ic ien t  of the second harmonic 
i n  the  e a r t h ' s  g rav i ta t iona l  po ten t ia l ,  the result  
is complete through second order  (522) i n  the secu- 
lar t e r n  and, except fo r  t h e  long period terms i n  
t h e  mean anomaly, through first order (J2)  i n  per i -  
odic t e rn .  The drag coef f ic ien t  is  assumed t o  be 
no l a rge r  than J2. 

Introduction 

The work presented i n  this paper was accom- 
p l i shed  t o  improve the capabi l i ty  of t h e  Fourteenth 
Aerospace Force t o  perform one of its bas ic  
missions (i .e.  the  cataloging of space objects).  
I t  i s  s igni f icant  i n  view of the  increasing nmber 
of nt+ct+ i n  w a r e  (rurrPntlv well over 17001, the  
m u n t  o f  computer time required fo r  cataloging, 
sensor workload, and t h e  large number of ob jec ts  i n  
the  high drag regime. 

The analv t ica l  t h o -  of the  motion of a close ~ ~~~ ~ ~ ~~ ~ ~~ 

I ~~~~~~ ~ ~ ~ ~ , -  ~ ~. ~ 

e3rth s a t e l l i t c  i n  an atmosphere h35 usually hcen 
studicd by considering separ3tely the e f f e c t s  of 
atmospheric drag and the  aspher ic i ty  of the e a r t h ' s  
g rav i ta t iona l  po ten t ia l .  The j o i n t  perturbative 
e f f ec t s  are then deduced by superposition. S t r i c t -  
l y  speaking, o€ course, this procedule is not 
e n t i r e l y  j u s t i f i e d  for higher order theories.  
There have been a t  l e a s t  two exceptions t o  t h i s  
approach. In 1961 Brouwer and llori2 published a 
theory which attempts t o  take account of the  
coupled e f f e c t s  o f  an atmosphere and the ea r th ' s  
oblateness i n  a s ing le  solution. A second paper, 
by Lane3, has t h e  general features of the  proce- 
dure introduced by Brouwer-Hori (B-ll), but avoids 
the  two major problems i n  the E-I1 theory (discussed 
below), 
canonical transformation was used t o  obtain a 
description o f  the motion of an a r t i f i c i a l  ea r th  
s a t e l l i t e  under the combined influences of gravity 
and atmospheric drag. 

When the  drag-free problem is extended t o  
include the  d iss ipa t ive  e f f e c t s  of an atmosphere, 
the  equations of motion take on a d i f fe ren t  form. 
The von Zeipel method, used by Brouwerl i n  the 

In both of these  papers the  method of 

drag-free problem, is  no longer applicable t o  t h i s  
system of d i f f e ren t i a l  equations. 
developed a mthod of transforming such systems of 
equations canonically, which enabled B-H and Lane 
t o  use Brouwer's solution of  the problem of a r t i f i -  
c i a l  s a t e l l i t e  theory without drag as a point of 
departure, 

However, B-H 

I n  orJcr t o  obtain an analytical  solution for 
the system of  d i f f e ren t i a l  equations w i t h  ~ t m s -  
pher ic  drag perturbations included, it is  necessary 
t o  assume an ana ly t ica l  representation f o r  the  
atmospheric density. B-!I assumed an exponential 
density function. In order t o  carry out the  in te -  
gra t ion ,  B-I1 expanded t h i s  exponential density 
function i n  a series complete t o  the f i f t h  power of 
the  r a t i o  of the  eccent r ic i ty  t o  the  density sca le  
height. As thev have indicated t h i s  truncation 
procedure introbuces d i f f i c u l t i e s  fo r  s a t e l  11 t e s  
which have lox perigee hcights. Lanc showed that 
i f  one uses a power density function with an in te -  
g ra l  exponent t h e  equations of motion m y  be in te -  
grated without expanding the  density function i n  a 
s e r i e s ,  thereby avoiding the associated convergence 
problem fo r  low perigee heights which appears i n  the 
B-H theory. The power density function a l s o  appears 
t o  provide a b e t t e r  representation o f  atnuspheric 
density as a function o f  a l t i tude .  
the  exponential density function being a spec ia l  

density sca l e  height i s  asslrmed t o  be invariant with 
a l t i t ude )  and t h e  power density function (which 
assumes a l i nea r  var ia t ion  of sca le  height with 
a l t i t ude )  having one more disposable f i t t i n g  param- 
e t e r  than the  exponential function. 
Lane's paper the non-rotating spherical  exporiential 
model atmsphere of t h e  B-H theory is replaced by 
a non-rotating spherical  power function model of 
the atnusphere. 

system of d i f f e ren t i a l  equations, B-H and Lane had 
t o  define the e x p l i c i t  r e l a t ion  o f  the t r a n s f o m d  
variables t o  the Delaunay variables.  In both papers 
the  re la t ionship  between the  t r a n s f o m d  variables 
and t h e  Delamay variables was chosen (one has the 
freedom t o  se l ec t  t h i s  re la t ionship  at t h i s  point i n  
the  development) t o  be t h a t  developed between the 
Celaunay variables and the  doubly primed Delaunay 
variables i n  Erouwer's drag-free solution. This, 
inc identa l ly ,  is how the  von Zeipel method en ters  
i n t o  the  so lu t ion  o f  the  drag problem. 

equations of motion i n  an e x p l i c i t  fonn and then 
expressed them i n  t e r n  of the transformed variables 
and performed t h e  integration. 
however, i n  addition t o  the  introduction of the  
power density function, t h e  introduction of an angle 
variable ( s imi la r  t o  the t m e  anomaly but defined i n  
terms of one p a r a m t e r  o f  the power density function) 
was required t o  e f f e c t  a s ign i f icant  simplification 
i n  the  ana ly t ica l  integration process. 

This is due t o  

case o f  the  power density fmc t ion  (i.e. when the  d 

Therefore, i n  

In order t o  wr i te  out t h e  e x p l i c i t  form of t h e  

After some manipulation, B-H and Lane obtained 

In the Lane paper, 
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In addition t o  avoiding the  problem with low 
perigee s a t e l l i t e s  which appears i n  t h e  R-H theory, 
Lane a l so  found tha t  t h e  B-II expression, 

6 a = 6 e + 6  9. + 6  a 
S fig sh  

4' should he 

Se t t ing  d S e  = 0 eliminates approximately one-sixth 
of the  t e r m  appearing i n  the  B-H f i n a l  equations. 
In a discussion between Brouwer, Hori, and Lane i n  
Spring 1965, both Brouwer and Hori agreed t h a t  the  
6 9  quantity should be replaced by zero. 

discussed above, t h e  authors consider the  B-I1 
theory t o  be a "masterpiece" and would l i k e  t o  
reiterate t h a t  the  procedures and techniques they 
introduced form the bas i s  f o r  the  1965 Lane paper 
as  well  as  the  extension t o  t h a t  paper presented 
below. 

In t h e  Lane paper t h e  r e su l t  i s  complete 
through second order (J22)  i n  t h e  secular  terms 
and, except f o r  the  long-period terms i n  the  mean 
anomaly, through f i r s t  order (J2)  i n  periodic terms. 
The drag coef f ic ien t  Bo (defined i n  Eqs. 6 )  is 
assumed t o  be no l a rge r  than J 2  but is  typ ica l ly  
much l e s s  than J 2 .  For the  long period terms i n  
the  mean anomaly, the  r e s u l t  is camplete through 
order B0/J2 where a l l  terms are complete t o  the  
fourth power of the  eccent r ic i ty .  
Lane's theory f o r  (1) small eccen t r i c i t i e s ,  (2)  low 
inc l ina t ions  and (3) inc l ina t ions  near t h e  c r i t i c a l  
angle a r e  t h e  same as those which appear i n  the R-H 
development. 

Since approximately ninety percent of the  

In s p i t e  o f  t h e  two problems i n  the B-H theory 

Limitations t o  

,v 

a r t i f i c i a l  ea r th  satellites have an eccen t r i c i ty  
l e s s  than 0.1, the  "small eccen t r i c i ty  problem" 
which appears i n  the  Lane paper limits i t s  use fo  
the  cataloging of space objects. In 1963 Lyddane 
developed a reformulation of Brouwer's drag-free 
eauations i n  order t o  avoid t h e  "small eccen t r i c i tv  

2 

p;oblem." Therefore, since Brouwer's-drag-free ' 
equations g ive  the  so lu t ion  of the  Delaunay va r i -  
ables In terms of the  t r a n s f o m d ,  doubly primed, 
var iab les  i n  Lane's equations, Lyddane's method is  
used t o  avoid the  "small eccent r ic i ty  problem" i n  
t h i s  pa r t  o f  the  equations. The remainder of t h e  
equations, namely the  solution fo r  the doubly 
primed var iab les  (i.e. the  drag portion of the  
equations), s t i l l  contain the  'Small e a e n t r i c i t y  
problem." In  t h e  present paper an appmach, which 
is i n  sane respects analogous t o  Lyddane's, is 
developtd and used t o  refonnulate t h e  drag portion 
of Lane's equations i n  order t o  avoid the  "small 
eccentricity" and "small inclination" problems. 
Additional s ign i f icant  terms which have coef f ic i -  
en t s  of the  form Bo2t2 and B o k 3  a r e  a l s o  developed 
and included i n  the  resu l t ing  solution. 

The DraR-Free Small Eccentricity 
and Inclination Problem 

Since Brouwer's drag-free equations h'ere used 
i n  the development of Lane's drag equations and t o  
transform the  coupled drag perturbed, doubly primed 
Delaunay var iab les ,  t o  the combined drag and - gravi ta t iona l ly  perturbed mprimed k l a u n a y  

var iab les ,  a review of the  small eccen t r i c i ty  and 
inc l ina t ion  problem i n  the  drag-free case is useful 
i n  ju s t i fy ing  the  approach taken f o r  avoiding the 
same problems i n  the  drag case. 

In  developing h i s  drag-free theory Brouwer 
s t a r t e d  with t h e  equations of motion i n  the  flamilton 
canonical form, expressed i n  terms o f  the  k l a i m a y  
var iab les  L. G, H, e ,  g, h: 

dL. aF de. aF  

aL . 
1 

d t  a t .  d t  

F = F(L, C, H, a ,  E, - 1, 

-L=-,-L=-- ,  

(1) 3 

where L., 9,. (j = 1, 2 ,  3) a re  used f o r  the  Delaunay 
v a r i a b d s .  'In t h i s  system the  Hamiltonian, F, is  
f ree  of the  angle var iab le  h. Rrouwer then used two 
successive von Zeipel "canonical" transformations t o  
eliminate t h e  dependence of the  llamiltonian on the  
remaining two angle variables,  e and g. 
a r r ived  a t  a s e t  of doubly primed Delaunay var iab les  
L", G", IC', a",  g", h" which s a t i s f y  the  equations 

Thus, he 

dL ." de." aF** 

aL." d t  d t  

F** = F** (L", G", l l " ) ,  

-L= 0, -L= - -, 
(2) I 

where L.", e." ( j  = 1,  2 ,  3) a r e  used for t h e  doubly 
primed JDeladnay variables.  
imnediately integrable.  
then expressible,  through the  von Zeipel algebraic 
transformations, i n  terms of these in tegra ls .  
Ilence, the so lu t ion  is  given i n  terms of the  i n i t i a l  
conditions and the  time. The von 2eipel algebraic 
transformations, r e l a t ing  Lj", e." t o  L .  a .  con- 
t a i n  first and second order per iad ic  te%s t?r!th 
coe f f i c i en t s  of t h e  form l / e  and l / s i n  I which a re  
undefined f o r  zero eccen t r i c i ty  and inc l ina t ion  
constants.  
transfornations developed by Rrouwer a r e  of the  form 

Equations ( 2 )  a r e  
The Delaunay var iab les  a re  

Rigorously, the  von Zeipel algebraic 

a .  = a .  (L", G", H", e ,  e", g, g' , g", h") 
' 1  

In order t o  avoid t h e  problem of solving a system of 
transcendental equations, a f t e r  t h e  first t rans-  
formation Brouwer assumed a = a ' ,  and g = g' , and 
a f t e r  t h e  second ( l a s t )  transformation he assumed 
g' = g" obtaining equations of the  form 

Lyddane avoided the  zero - r -n t r ic i ty  and 
inc l ina t ion  constant problems as well as t h e  solu- 
t i o n  of a system o f  transcendental equations (for 
small e # 0) by reformulating Rrower's  perturbation 
theory i n  terms of Poincare var iab les  r a the r  than 
Delamav var iab les  and ca l cu la t ine  from the  r e su l t s .  
nonsingiilar oscillating elements 07 t!ie perturbed 
orh i t .  

. 
Lyddnne ol>taineJ the follo!.ing col.~utntion31 

formulas : 

2 6 9 - 9 2 5  
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e+g+h = e"+g"+h"+6(2+g+h), 

e cos 9. = (e"+6e) cos e"-e" a t s in  e", 

e s i n  2 = (e"+6e) s i n  e"+e" 69.~05 e", 

s i n  (ID) cos h = [ s i n  (I"/Z) 

+ cos (1"/2)(1/2)61] cos h" 

- s i n  (I"/Z) 6h s i n  h", 

s i n  (I/2) s in  h = [ s in  (I"/2) 

+ cos (I"/Z) (1/2)6I] s i n  h" 

+ s i n  (I"/2) 6h cos h", 

where t h e  6 quan t i t i e s  are those obtained irom the 
Brouwer theory with one important difference. 
Brouwer's 6 quan t i t i e s  a re  functions of e ,  g. and 
g' r a the r  than functions of ¶,I1, and p" (i.e. 6 t R  = 
6 t ~ ( L " ,  C',  I f ' ,  P, g. g ' ) ) ,  where the subscript  B 
on 62 denotes Bmwer's 62. The 6 quan t i t i e s  
obtained by Lyddane i n  equation (5) are  the  same as  
Brouwer's, with 9. replaced by 9" and g and g' 
replaced by g" (i .e.  6 ~ 9 .  = 6 2 ~  (L", (7'. I?'. e",  
8")). Lyddane e s sen t i a l ly  acknowledged t h i s  
difference when he s t a t e d  t h a t  1" and g" must be 
subs t i tu ted  fo r  Brouwer's E' and g' (note: This 
takes care of replacing P and g by 2''  and g" since 
Brouwer a f t e r  h i s  f irst  von Zeipel transfonnation 
had already assumed 2 = E '  and g = g ' ) .  
was made t o  obtain.  bv a Tavlor s e r i e s  emansion. 

An attempt 

equations icienticai <o t~ iosk  of Lyddane ['kqs. ( s j l .  
This approach could not be j u s t i f i e d  s ince  the  
r e su l t an t  6 quan t i t i e s  (BTOUWeT'S) a re  functions of 
e ,  g, and g' whereas Lyddane's 6 quan t i t i e s  a re  
functions of e'' 'and g". FurthennoR, t h e  dropping 
of second order s incu la r  emansion te rns  could not 

1 ~. 
be j u s t i f i e d .  

The Drag Small Eccentricity 
and Inc l ina t ion  Problem 

When the drag-free prohlem was extended t o  
include the  d iss ipa t ive  e f f ec t s  o f  an atmosphere, 
Lane obtained equations of motion of the  fonn 

dL." 1 1 

de." aF** 1 I 

where 

00 * R z B*(qo-s)' , R* : l / Z  CD - 
m 

and Bo i s  assumed t o  he no l a rge r  than the  f i r s t  
order quantity J2 .  Here CD is the  aerodynamic 
drag coef f ic ien t ,  A'  is  the  e f fec t ive  cross- 
sec t iona l  a rea  of a s a t e l l i t e  of mass m, and p0 is  
the  atmospheric density a t  t h e  r ad ia l  reference 
height qo., The quan t i t i e s  1 and s a r r  disposable 
(i.e. f i t t i n g )  parameters of the  density function 
and the def in i t ions  of the p, and q j  quan t i t i e s  
a re :  

p1 = L1[(2a/r)-l], q1 = Zesin E + (Z/e)(LZ/L1) s i n  f 

q2 = - (Z/e) s i n  f ,  ( 7 )  

P3 = L.3. q3 = 0. 
v 

The 6p. and 6q. quan t i t i e s  a r e  obtained from 
the  Brouwer ]drag-flde theory and appear i n  Eqs. (6) 
due t o  the  re la t ionship  between the  unprimed and 
doubly primed Eelamay variables,  being defined a s  
t h a t  developed by Brouwer. The q j  and 6q. quanti- 
ties, obtained from Brouwer's drag-free tAeory, have 
the s ingu la r i t i e s  f o r  zero eccent r ic i ty  and inc l ina-  
t i on  constants. Consequently the  small eccent r ic i ty  
and inc l ina t ion  problems e x i s t  i n  Lane's drag theory. 

The r igh t  s ides  of Eqs. ( 6 ) ,  which a re  func- 
t ions  of both Delaunay var iab les  and doubly primed 
var iab les ,  m u s t  be expressed completely i n  terns of 
doubly primed variables before integration. After 
some manipulation, Lane expressed these equations 
e x p l i c i t l y  i n  te rns  of the  doubly primed variables 
and used the  method of successive approximations 
(the von Zeipel method cannot be used i n  t h i s  non- 
conservative system) t o  in tegra te  the resu l t ing  
system of equations. Analogous t o  the  drag-free 
case,  the  equations f o r  e",.g", and h" contain 
periodic t e r n  with coef f ic ien ts  o f  the form l/e" 
and l / s i n  I". 

avoid the  s i n y l a r i t y  problem, as Lyddane did i n  the 
drag-free case, without completely redeveloping both 
the  drag-free and drag theories (i.e. Lyddane did 
not  obtain an e x p l i c i t  solution fo r  the  drag-free 
problem i n  te rns  of the  Poincare var iab les ) ,  
i f  t h i s  were attempted, it is questionable as  t o  
whether o r  not one could then, ana ly t ica l ly ,  in te -  ~L' 
gra te  the  new equations of motion fo r  the  drag case. 

&e cannot rever t  t o  Poincare variables t o  

Even 

One of the  reauirements f o r  usinc Lvddane's 
L 1  I ~~ , ~~~ ~ ~- ~~ ~~~~ 

rivoroiis 3ppronch t o  eliminate the small eccen- 
t r i c i t y  and inc l in i t i on  s inf iu la r i t i es  is that tiic 
dynamical system under consideration be conserva- 
t ive .  Since the drag problem is  d iss ipa t ive ,  use 
of a Lyddane-type approach is d i f f i c u l t ,  i f  not 
impossible, t o  j u s t i f y  with mathematical r igor.  
Furthermore, j u s t  as one cannot j u s t i f y  obtaining 
Lyddane's drag-free equations by Taylor s e r i e s  
expansions, one cannot j u s t i f y  similar equations 
i n  the drag case by such expansions, Since no 
rigorous approach was obvious, it was decided t o  
develop equations analogous t o  Lyddane's for the 
drag case, and r e ly  on numerical r e su l t s  t o  verify 
the procedure. 

In the  drag-free case, the  s ingular i ty  prob- 
lems come i n  only through the  quant i t ies  6e. = 
e '  ( t ) - e j " ( t ) ,  which a re  purely periodic f u n k o n s  
whch contain first and second order terms with l / e  
and l / s i n  I as coefficients.  
analog of 6 e j  is 6P." = e."(t)-e. ,"(t) ,  where n.,"(t) 
contains a l l  of the'secular comp6nents of a ; " ( t j  and 

In the  drag case, & 

the  62." quan t i t i e s  a re  purely periodic fmbt ions  
which gontain first and second order t e r n  with l/e" 
and l / s i n  I" a5 coefficients.  Since the  small e" 
and I" problems a l s o  occur only i n  the  69.j" i n  the 
draa case,  it was assumd tha t  Lyddane's equations 
w i t f i  e ." ( t )  and 6e. replaced by k .  " ( t )  and 69..", 
r e sped ive ly ,  were'valid f o r  the  &g case. A' 
system of equations, f o r  the  drag problem, analogous 
t o  Lyddane's can be writ ten as  follows: W 
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L" = L"(to) + 6L", 

e"+gl*+h" = as"+gS"+hs"+6 (a"+g"+h") , 

e" cos a" = [e"(t )+6e"] cos es"-e"(to)6e" s i n  LS", 

e" s i n  e" = [e"(to)+6e"] sin es"+e"(to)6t" cos est', 

s i n  (I"/2) cos h" = [s in(I ' ' ( t0) /2)  

~ 0 

+ cos(I"(to)/2) (1/2)61"] cos hs" 

- sin(I"(to)/2)6h" s i n  hs", 

s i n  (I"/Z) s i n  h" = [sin(I"(to)/2) (8) 

+ cos(I"(to)/2) (1/2)61"1 s i n  h," 

+ sin(I"(to)/2)6h" cos hs", 

where 

6e" = e" ( t )  - e"(to), 

61" = I"( t )  - I"( to) ,  

and 68.'' = a " ( t )  - ejS"( t ) ,  
1 j 

This system of equations (Eqs. X), where the 6 
quant i t ies  are obtained from Lane's equations, 
along with Eqs. 5 are  used t o  obtain a solut ion f o r  
s a t e l l i t e  o r b i t s  which takes i n t o  account the 
coupled e f f ec t s  of atmospheric drag and the  second, 
t h i rd ,  and fourth zonal harmonics. Limitations f o r  
small eccen t r i c i t i e s  and small inc l ina t ions  no 
longer appear. 

d 

Higher Order T e r n  

In the process of checking the  o r ig ina l  Lane 
equations t o  insure t h a t  a l l  terms which could 
introduce a 600 meter posi t ion e r r o r  (over a 
predict ion span of a t  l e a s t  t en  days o r  u n t i l  
decay) were included, it was found t h a t  two types 
of higher order terms should be added. 
were a lso  absent i n  the  B-ti development. 
group of t e r n  arise in  the  transformation of t he  
drag p e r t u h e d  d i f f e ren t i a l  equations (Eqs. 6) 
from unprimed t o  doubly primed variables. To carry 
out  t h i s  transformation, it is  necessary t o  expand 
the  t e r n  containing pj  and q '  (which a re  expressed 
in  terms of the unprimd variables)  i n  Taylor 
s e r i e s  ahout the doubly primed variables. Both 8-11 
and Lane car r ied  only the  zeroth and f i r s t  deriva- 
t i ve  terms i n  these expansions. 
expression 

These t e r n  
The f i r s t  

Lane used the 

a* a *  a$  

aa ae ay 
* = *" + (-)" 6a + (-)" 6e + (-)" 6y 

a* a+  
a 1  . aE 

* + (-)" 6 1  + (-)" 6E,  

/ 
where $ represents any one of t he  $pj ,  $qj, and 

1 
$p. = - BV 

1 

1 
$q. = + BV 

I 

In the  present development, however, it was found 
t h a t  the  second der ivat ive terms 

1 a2$ a'+ 1 

2 aa aaay 2 ay 
[ - (7)'' 6a2 + (-)" 6a6y + -(-$I' 6Y 1 

i n  these expansions were s ign i f i can t  f o r  s a t e l l i t e s  
with very low perigees. The addi t ional  terms in  the  
integrated equations introduced by these extended 
expansions a re  given i n  the  appendix. 

The method of successive approximations is 
used t o  in tegra te  the d i f f e ren t i a l  equations i n  
terms of the  doubly primed var iab les  i n  both the  
Lane paper and the  B-H paper. They used the  drag- 
f r ee  var iables  as  the zeroth approximation, i n t e -  
grated the  d i f f e ren t i a l  equations f o r  L", G", and I?' 
once, subs t i tu ted  the  r e su l t  of t h i s  first approx- 
imation i n t o  the  dominant term i n  the  e" equation 
( t h i s  i s  the only zeroth order  t e r n  i n  the  d i f f e r -  
e n t i a l  equat ions) ,  and integrated t h i s  term. 
present development, t he  in tegra t ion  is  car r ied  one 
s t ep  fur ther .  ?he secular  pa r t s  of the  first in t e -  
grat ion for  L", G", and I f '  are used as the  f i r s t  
order  approximations, and the  L", G", and If' d i f f e r -  
e n t i a l  equations are reintegrated. 
t h i s  in tegra t ion  is  used i n  the  integrat ion of  the  
dominant term i n  the a" equation. The t e r n  r e su l t -  
ing from t h i s  extended in tegra t ion  procedure comprise 
the  second group of higher order  terms, and a re  
l i s t e d  i n  the  Appendix. 

The omission of  these higher order  terms can 
contr ibute  e r ro r s  of the  order  of s i x t y  kilometers 
t o  posi t ion predict ions fo r  s a t e l l i t e s  with perigees 
below 200 kilometers. 

In the 

The r e su l t  of 

Comparison With the  Results of 
.mental Integrat ion 

As s t a t ed  e a r l i e r ,  the  development t o  avoid 
the  small eccent r ic i ty  and small inc l ina t ion  
s ingular i t ' ies  is  d i f & u l t ,  i f  not  impossible, t o  
j u s t i f y  with mathematical rigor. 
the theory, s a t e l l i t e  observations were generated 

In order  t o  test 

fo r  s ix  t e s t  cases using a nwngrical in tegra t ion  
program which used the  Jacchia model atmosphere 
and the  geopotential coef f ic ien ts  Jz, 53, Jq, and 
J g .  Each of the  t e s t  cases had an mcl ina t ion  of 
66.69", aryment  of perigee of 100" longitude of 
ascending node of 75O, and 1 / 2  CD Atequal t o  
0.001 rn2/kg. 
f o r  the test cases are  given i n  the  tab le  below. 

ORBITAL CHURACTERISTICS TABLE 

T e s t  Case # Eccentr ic i ty  Perigee Height (km) 

The eccen t r i c i t i e s  8 d  perigee heights  

1 0.00001 200 
2 0.001 200 

1 3  0.1 200 
4 0.00001 500 
5 0;001 
6 0.1 

s o n  
500 

4 6 9 - 9 2 5  
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Observations were generated a t  20 minute 
in te rva ls  f o r  a period of two weeks f o r  the test 
cases with 200 km perigee height,  and a t  40 
minute in te rva ls  f o r  a period of four weeks f o r  
the  t e s t  cases with 500 !a perigee height. The 
t e s t i n g  procedure used was t o  perfonn a differen- 
t i a l  correction using the f i r s t  one-third of the 
observations and then make a prediction and 
canparison with the  remaining observations. 

The t e s t  r e s u l t s  showed t h a t  periodic 
var ia t ions a t t r i b u t a b l e  t o  small e c c e n t r i c i t i e s  
f o r  drag uerturbed s a t e l l i t e s  are  conmarable t o  
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those iz &e drag-free case where the'Lyddane 
modification has been used. This indicates  
t h a t  the zero eccen t r i c i ty  s ingular i t ies  have 
been removed i n  the Gravitational-Drag coupled 
theory, 
generated t o  ve r i fy  t h a t  the zero incl inat ion 
s i n g u l a r i t i e s  have been removed. 
s a t e l l i t e s ,  t h i s  s ingu la r i ty  is f a r  l e s s  common 
than the zero eccen t r i c i ty  s ingular i ty ,  In view 
of the marked s i m i l a r i t v  of the avvroaches taken 

Glossary of Symbols 

r = distance from geocenter t o  s a t e l l i t e  

po = atmospheric density a t  qo 

qo = reference height,  taken t o  be 120 km. 

s = f i t t i n g  parameter i n  density representation 

Additional test cases have no t  y e t  been 

For actual  

t o  avoid the  zero eccen t r i c i ty  an'd incl inat ion 
s i n g u l a r i t i e s ,  the authors a re  confident t h a t  the 
zero incl inat ion s i n g u l a r i t i e s  have a l s o  been 
removed. 

I = f i t t i n g  parameter i n  density representation 

p = p (-) - assumed density representation 4 0 - ~  
o r-s 

Sumnary = E 
a-s 
o r b i t  and e i ts  ecmntriritv 

, where a is  the semimajor axis of the 
. ~ ~ ~ .  _ _  . _ _ ~  

The reformulated version of Lane's Equations 
i s . a  solut ion f o r  s a t e l l i t e s  in  a non-rotating 
atmosphere which takes i n t o  account the  coupled 
e f f e c t s  of atmospheric drag and t h e  second, t h i r d ,  
and fourth zonal harmonics. Limitations t o  the  s i n  A = 

cos A = , where E is  the eccentr ic  anomaly 
"COS 

s i n  E 
I-" cos t .~ 

theory f o r  small e c c e n t r i c i t i e s  and small i n c l i -  
nations no longer appear. Where J2 is the coef- 
f i c i e n t  of the second h a m i c  i n  the ear th ' s  y1 = rl + cos A 

grav i t a t iona l  po ten t i a l ,  the  r e s u l t  is  complete 
through second order (J22) in  the secular  terms 
and, except f o r  the long period t e r n  i n  the  mean 
anomaly, through f i r s t  order  (J2) in  periodic terns. 
The drag coe f f i c i en t  is assumed t o  be no la rger  
than J2. 
in  posi t ion e r r o r  over a predict ion span of a t  
l e a s t  ten days (unless decay occurs e a r l i e r )  a re  
retained. 

Terms contributing more than 600 w t e r s  

The form i n  which the  present theory is devel- 
oped lends i t s e l f  t o  long term posi t ion predictions,  
e f f i c i e n t  use of computer t ime ,  s a t e l l i t e  decay 
predict ions and extensions which could take account 
of higher order neglected perturbations such as  the 
diurnal effect .  One may account, t o  a ce r t a in  
degree, for  the diurnal e f f e c t  in  the manner 
described i n  Lane's paper. 
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y2 = 1 + n cos A 

F, = (a -s ) - l  

a = (1-rl2) 

E =  - v T  l e  

1 / 2 7  

CD = Aerodynamic drag coeff ic ient  

A '  = effect ive cross-sectional area of s a t e l l i t e  

m = mass of s a t e l l i t e  

H = Bo(a-s)' 

e = cos I ,  I = incl inat ion 

n = mean motion 

k = second zonal coeff ic ient  i n  geopotential 
(I = .J2R * / 2 ,  where R is the ear th ' s  equatorial  
radius) 

2 
2 

W 

W 

require8 in  the development of the solut ion equa- 
t ions ,  and for the development of ana ly t i c  p a r t i a l  
der ivat ives  required t o  interface a d i f f e r e n t i a l  
correction program with t h i s  theory. 

A = th i rd  zonal coeff ic ient  i n  geopotential 
3,o 3 

(A3,0 = - u J 3 R  1 

u' k4 = fourth zonal coeff ic ient  in  geopotential  (k4 = 

- 3J4R4/8) 
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A = f i f t h  zonal coef f ic ien t  i n  geopotential  t 

t o  
5,o = - uJ5Rs) gs" = gDjlF + ; n (1-Se2)/ ALdt 

+ 3IZ T k2 (2-158 Z t  )I A G d t  f 1% 1 2n cos j x 
a 8  

k d x  
J = z i o  (l-ncos x) 

k2e t k2e  t 

a 8 to 

m h i '  = + 9n mJ ALdt + 1% nJ A c d t  Jn = - 
y = - e cos E 

Appendix 

The equations used f o r  computing the  osculat-  
ing elements L, G,  H, 8 ,  g, h a re  given i n  the  
sequence of s teps  below. 
(unless other  wise noted) a l l  the  variables i n  the  
equations i n  s teps  (1) through (6) a r e  doubly 
primed, with L." on t h e  r igh t  hand s ide  evaluated 
a t  epoch and 
8 .  ". @, e,", goq'! w' and epoch time to, along w i t g  

and t h a t  qo<a. 

(1) e ; ,  g", h; a re  computed i t e r a t ive ly .  S ta r t ing  
values use8 a re  e&, g&, 

where 

ALdt = - Baa[l - I t  i s  understood that 

0 
on t h e  r igh t  hand s ide  taken t o  be 

I t  is a s s m d  t h a t  epoch elements Lo",,G ", 
9 

2 

3~ 2 time t ,  are given. I t  i s  fu r the r  assumed t h a t r  is 
+ -e 11 (E-Eo) (7 S [ - ~ I ~ , ~  +1 - - e  11,1+1 

an in teger  grea te r  than or  equal t o  3, that s<qo, 2 

9 97 

16 
+ e2  (- - I  

Equations are:  
2 9 3 11 

3 k2 2 kZ2 - - 13,T+l) l  + - [ I  + -Il,,+ e (410,, 
2 a B  32 a B 16 a On1 2 e& = e," + (1 + -m (-1+38 ) + -7 [-15 

a488B51 (1-0') 1 e 
+ 168 + zse2 + (3n-968-90~~)2 + ( i n s + i 4 4 ~  + SI2 1 )  + (l '2,,+1+; '3,,+1 

r7 3nk2(1-582)Z 6 

4 1 1 17 
+ - '4,1+1) + - I  2 

15 k4 

16 a 8 
+zss2)e41 + -me2  (3-3ne2 + 358 ))n(t-to),  

= go" + { -  - k2 (1-se 2 ) + - 3 kZ2 -68 [-35+248 

+ e (-- Io,,+l 2 , , + 1  
48 16 

1 
+ 715 ) I +  - 

a 

3 e 

2 a B  32 a 8 + - 24 ~ - 3 5 , , + ~  + 8 1 ~  ,1+1 17 +2 
2 e e 

+ - (311,7 + 1113,7)+ - 
+zsB2 + (90-1928-iz68~)e~ + (385+360B+456 2 4  ) e  1 

4 ( I O , l +  BIZ,, 

- 1 8 9 ~ ~ ) e ~ l  l n ( t - to ) ,  a4~6B51 1 

+ -- k4 [21-98' + (-270+12662)82 + (385 
16 a 8 + 1714 ) ] I  [COS Zg(t)-COS Zg(to)+2(g(t) 

$1 

2 
-g ( to ) )  s i n  2g(to)l + 

- -  , I  - - 7 [1-3e - - I ) ( - I C [ - ~ ~ ~ , , + ~  

- [1-118 

= h;' + { - 3  k2 e + - 3 k 2  & [(-5+126+98 2 ) e  
3nk2(1-582)Z(24 

a 8  R a 8  40e4 5 k4 2 884 

+ (-35-368-5B2)83] 1-58 36 k2 1 -58  

v 

k2 + 9n f A l l  d t ,  
a 8  J t o  

6 
6 9 - 9 2 5  
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4 4oe4 5 k. - 8 R  - 7 1 -  - 7 4 [1-3EL- 
1-58 36 k2 

' -4  + - e  4 4  y l y i  - ' ) d~d t  
+ e ylyZ 

8 

2 e 2 1 e 

t t t 
In the  above equation for/, ALdt, It ACdt,/to3Hdt, 

g ( t )  stands for  g r ( t )  and A is  r e l a t ed  t o  e;'(t) 
through the equation 

0 0 

COS E-n 
cos A = - 

1-qcos E 

C? s i n  E 
s i n  A = 

1-n  cos E 

e"(t) = E-e"(t ) s i n  E. 
S 0 

The presence of e"(t) and g"(t) i n  the  in tegra ls  
makes i t e r a t i o n  n8cessary far the solution of e';(t), 
g;'(t), h;'(t). b Also in  the above equations, 

B2 2 3 3 
a a 1 6  ( A - A o )  

J,J,-l 
- 

n( l -n2)  3 

" 
1 

+ 2 
4 

1 2 2 2  

2 32k2 
s i n  I a A3 3 2  

[* + 4 3 e  -111 I +2[--(cos 2g(t)  4 2 , l  2 
+ -  

7 
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1 

4 
x [ -  - (COS 4g(t)-cos 4g(to)) 

- ( s ( t ) - s ( t , ) )  s i n  4g( to) l ) .  

(3)  L" and ll" are computed as follows: 

J 3kZ L:3 1 3 A 
L" = L"(tol[l-Baa[l- TT(-  - + --B ) I J  (yZ 

a G ;  2 2  A 0  n t  
n e  qumt i t ies -  1 Fldt and 6 1 

2 2 

+ 4 )(E-Eo)(- T s[-3IO,, +1- - e  11,,+11 

+ 2 e ~ ~ y ; ' ~ +  - e 2 2  y1y2 1 - 3  )dA - Bkzc (- - L; to 

the  presence o f  t h e  functions F1 and FZ i n  L"(t) .  

(2) @an t i t i e s  e6e, 61 ,  and ( s in  )ah are cmputed 
f o r  later use i n  s t e p  (6). 

(See s tep  3.) 9 3 2  I 
2 2 EquatiTns are: 

(1-82) 1 2 r  4 3 

a 0,l (1-58 ) 6 
2 1  + - I  ) + B a 5 E  7 ( -1E[-12 ,1+1 e68 = Boa21-n r7 13+Ba 2 5 1 E 5 7 I -  - - I S ( I J , ~ + ~  

1-58  6 

1 25 15 
- 11,,+1+ e(;Io,T+l- --I 2,1+1+ 7 ' 4 , ~ + l  8 

7 1 

8 6a 
- -16,r+l)]+ - [-31 + 71 1) [COS 2g(t)  1 , r  3,, 

BaS'E3 1 2 doe4  

1-58 24 1-58 

8 84 
(1-38 - 7)) [ -  

- COS 2g(to)]+ 

2 

(-(1-118 - - 2) 

la=+o,I+l- Iz,, +l) 
k4 - - 

36 k2 1 - 5 8  

+ 21 ][COS 2g(t)-cos 2g(to)l 

Bac ~~8 2 

1-58 3 
61 = 7 (- 12,, s i n  I [sin Zg(t)-sin 2g(to)] 

4 
2 Ba2c'E4 e 1 408 5 k4 

+ I )I  [ s in  g ( t ) - s in  g ( to ) l .  + - {+-[i-lle - -1- -7 [l-38 2,r 1-58 36 k2 
1-58 B 2 4  

where I3  = s i n  A (2yz 1-2 + 2eyly;-3)dA 

- - Ir (- [ ( l+ncosA)~- l -  ( l + ~ c o s A o ~ ~ - l l  

884 
A 0  - -])(sin 2g( t ) - s in  2g(to)) 

1-58 

i" 
2 n+e 

n r - 1  
- 

6 9 - 9 2 5  
8 
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where f o r  p and rn nonnegative in tegers ,  

k= l  

k+e+l . 7 if k+e is odd 

i f  k+e is  even 
where i = 

A i f  k+a=O I 0 i f  k+e=l 
i 

and R~ = An (g) i f  k+e is  even and k+a12 { k=2 

2 2 ZT+2,2(_ - 1 - 6B k2i 5 

and 

1 +Id* 

a~ sin31 
[cos 3g(t)-cos 3g(to)l + 3,o 

24k2 I3,, +2 

k2sin41 
+ - I +2[s in  4g( t ) - s in  4g(to)l ). 16 4 ,T 

The function F2 i s  due to  the  second der iva t ive  
terms i n  the 
extended inte$ation procedure. 

( 4 )  e"+g"+h" is computed. The equation i s :  

expansion, and F1 is  due t o  the 

3 k ~  2 e"+g"+h" = e;/,.+g;/F+h;/F+n(x [ 2 8  (1-3e ) 

nk2 9 45 

a 6  2 2 

a 6  

nk2e 

3 2  
+ -(1-58 )+3e]-3) ALdt + -[e(- - ---e 

2 
t 

+ 6+158-45e21/ ACdt + [-3+(15 
to  a~ 

r t  
+ 9 e ) e I j  dlldt + Baa 

t o  

3 2  1-8 l e e  
+ -e ) l e  I + Ba ? 7 ( -  - (13,,+1-11,,+1) 4 2 

1 3 7 
+ - [ e ( -  - I  + -I )-31 -31 1 )  

6a 1 , ~  2 3 , 1  011 2,1 

x [cos Zg(t)-cos 2g(t  ) ] -  7 I 

1-58 1 2  

B a t  
(3+20 3(1-58 ) 2 91 

2 RaE '  1 2 - 58 )[cos z ~ ( t ) - c o s  2g(to)]+ - [-(l-lle 
1 - 5 8  24  

x [ s in  g ( t ) - s in  g ( t o ) ] ,  
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where I4  = L o ( s i n h )  u;-'dh 

(5) 
use i n  s t ep  ( 6 ) .  

e" and G" are  computed, and &s is computed fo r  
Equations an?: 

4 2 2 
6 2 ~ ' - '  

+ - BE a 5 {I<[- - 11,, +1- - I3  + 3 ,7 1 2 l-se 3 
2 1 1 1 

+ e ( - I  O , r + l  + - I  2 , 7 + 1 -  '4,1+l)]* "1,' 
3 

7 
+ - I ] ] [ s i n  Zg(t)-sin 2g(to)] 

3,' 

6 3  8 6  a <'A3 Osin I 
x [ s in  2g( t ) - s in  2g(to)]-  

6(i-sez)k: 

G" = L ~ ~ v ~  

d e  = e" - e. 

( 6 )  
e" cos e", and e" si4 e" are cWuTed f o r  later use 
i n  s t ep  (7). Equations are: 

I Quantities s i n  - cos h", sin I sin h", 

I 61  I I 
s i n  - cos h" = cos h" [- cos - + s i n  -1 

2 5 2  2 2 
I 

2 
s in  h'; s i n  b h ,  

I 6 1  I I 

2 2 2  2 
sin - s i n  h" = s i n  h;' [- cos - + sin -1 

I 

2 
+ cos h; s i n  d h ,  

e" cos e" = (e+Ae) cos t t -eae  s i n  t;, 

e" s i n  e" = (e+Ae) s i n  e p 6 t  cos e ; ,  

(7) e", h", g" are  computed, Equations are:  

e" = tan-' [e" s i n  a"/e'* cos e'*], 

h" = tan-' [ ( s in  - s i n  h")/(sin - cos h")] , I I 

2 2 
= (fi"+g"+h") - e"-h" 

(8) Finally,  t", g", h", L", G", lf' a re  converted 
t o  osculating (Lmprimed) elements a ,  g, h ,  L, G, I I .  
This is done i n  several  steps. In s teps  (a) and 
(b), variables on the r igh t  s ide  of  an equation are 
assumed t o  be doubly p r i m d  a t  time t. 

(a) e+g+h and L a re  computed. Equations are:  
l5 2 k2 9 

-T;T sin(2f+2g) (- +3e- -e 1, 
2a 8 2 2 

e+g+h = g."+g"+h"+ 

k2 a 3  2 L = L"{l+ [3(-) (1-e ) cos (2g'Zf) 
2a r 

I @) ?he quant i t ies  e68, 61 ,  (sin $Ah, and Ae are  
Equations are: computed fo r  l a t e r  use i n  s t ep  (c). 

a 2 .  sin1 cos g SAs 24e4 

a 4a 1-Sa 
e6e = [ -  -j- - -fc- 7 + 1 

4 k ~  
a a 6  2 2  1 3 2  

2 k2 - 98 ) ]  - 7 { s i n  f ( l +  - + -$(- - + -B ) 
r r  2 2  - -  a~ 

a a'6' 1 
sin(Zg+f)+sin(Zg+3f) (- 3 2  

+ +-e ) [ ( l -  - - 
4 r 7) 3 

2 2  a a 6  
+ - + - ? - ) I ) ,  

r r ' . ~  . 
2 

3k2esin I cos(Zg+Zf) e a .  - cos I (-sin g 
7 4 k ~  

6 1  = 
2aZE4 

a 2 A3 0 5% 0 2 4 e 4  

a 4a B 1-Sa 
Ae = - s i n  I s in  g[+ + % (- 2 

4 k ~  

+ 31) + 3 cos (Zg+i)), 
I 3k2BSin(2f+2g) s i n  I 

s i n  b h  = 
2 4 2  cos $ 

6 9 - 9 2 5  
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I .  ( c )  w a n t i t i e s  s i n  cos h,  s i n  s i n  h, e cos 8 ,  (d) a ,  g, h are computed. The equations used 
and e sin 
(e). n e  equations used are the  same as  the  
equations given i n  s t ep  (6) above, except a l l  
variables on the left-hand s ides  a re  unprimed, and 
the  variables h” and 8” used on the  right-hand sides 

a re  coqu tzd  for use i n  s teps  (d) and a re  the same as the  equations used i n  s tep  (7 )  
above, except a l l  variables are m p r i m d .  

(e) t l ,  e ,  and G are computed. Equations are: 

are replaced by’h” andst” respectively. t{ = ir‘, 
e = q ( e  cos ElZ + (e s i n  8 )  2 , 

11 
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