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« Use an example problem to illustrate various
astrodynamic techniques you’ll need to know

 Introduce you to the various topics that the text
covers in more detall
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Problem Scenario

 Determine when you can see a satellite from
a ground site

 What we’ll need to understand
— Time
— Coordinate systems
— Propagation
— Orbit Determination
— ... and some others ©
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What we’ll cover

 Fundamental Concepts
— Time and Coordinate Systems

 Newton
— Equations of Motion
« Kepler
— Equation
— Problem
— Satellite state
* Perturbations/Propagation
— Special
— General
e Orbit Determination and Estimation

Applications
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...90, YOU SEE, THE
ORBIT OF A PLANET IS
ELUPTICAL.
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My Objective with the Book i

e Cover
— Fundamentals
— Some advanced material

* Bridge the gap in between

e Detalls
— Consistent notation
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 Fundamental Concepts
 Newton

o Kepler

* Perturbations

e Orbit Determination

* Applications

Chapter 3
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Time and Coordinate Systems s i

« Essential, but not terribly exciting
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What Time iIs 1t? R, e

e 14:28
— Ok — That specifies that it’s afternoon

— But what time zone?

e Mountain Time is 6/7 hours before UTC (Greenwich,
Zulu)

— Need to specify
» Daylight Savings
» Standard Time

—Is that all? ... No!
« TAI, TT (TDT), TDB, TCB, TCG, GPS, ...



. . css)
Solar and Sidereal Time s

Sun

Sidereal day
(23" 56™ 4.0905%)

Stars

Reference Direction

e

Solar day
(24")
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Greenwich and Local Times @i

Local Meridian
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Hour Angles vs Time?

e 24 hrs = 360 degrees
— Sidereal time assumed



Hour Ang les CENTER FOR SPACE

Local Observep




L . CsSSs)
What Time Is it? (continued) sssiwus

e Additional times

— UT1 (Universal Time, sidereal time)
« Solution from observations
« Shows slowly decreasing Earth rotation rate

— UTC is Coordinated Universal Time (solar time)
e “Clock time”
* Maintained within 0.9 s of UT1
— Leap Seconds
« UTC = UT1 + AUT1

— AUT1
» EOP Parameter that accounts for actual Earth rotation
» Calculated by USNO/ IERS



Time Scales
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Summary for time

e Time
— Can be off by up to a second if no AUT1
— TT can be off a minute
« Used for many calculations
— Impact

« Seems small but ...
— Consider satellite traveling at 7 km/s

— Many conversions necessary
o Satellite moves wrt sidereal time
e Clocks record Solar time



. CsSSs))
Coordinate Systems A RS

e Sun based
— Heliocentric
— Barycentric

 Earth Based
— Geocentric (Inertial and fixed)
— Topocentric (fixed)
o Satellite Orbit Based
— Perficoal
— Radial vs Normal
— Equinoctial
o Satellite Based
— Attitude



Heliocentric Coordinate System

Z1

Summer solstice
15t day of Summer
~Jun 21
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Vernal equinox
15t day of spring
~ Mar 21

<7 < .’.l /
.'b‘,'.';gll Sun

L7 Ecliptic Plane

\
~>

X, ¥ Autumnal Equinox
15t day of Fall
~ Sep 23

Vernal Equinox
15t day of winter
~ Dec 21



Geocentric and Ecliptic i
Coordinates

STANDARDS & INNOVATION

Equator

Ecliptic
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Geocentric Coordinate System s s
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Local Coordinate System @i

xE

Satellite
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Orbit Based Systems - Perifocal
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Orbit Based Systems — Normal and Radial
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Orbit Based Systems - Equinoctial s
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 Latitude and longitude
— Familiar

e Right Ascension-Declination
— Optical measurements
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Right Ascension - Declination s o




ﬁsn)

Motion of the Coordinate System S

e Earth’s orbit is not exactly stable

— Precession
e Long period movement (~26000 years)

— Nutation
e Short period movement (~18.6 years)

e Fixed vs Inertial
— Sidereal Time

* Polar Motion
— AXis of rotation moves slightly over time
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Precession and Nutation = Sustes

Luni-solar precession effect

/ Nutation effect
&\i

Ecliptic plane

Planetary-€ffect
Earth’s equato

/____/P

b N

Precession of Equinox Earth’s orbit
o About Sun
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Polar Motion CENTER FOR STACE

cep IRP

’} True equator of date
PEF,
M

TRF
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Equinox based

Celestial Reference Frame

IAU 1976 (z,,0,, C,)

MOD

IAU 1982 (Ag, Ay, €, , 0Ag, 6 Ay ) Ag, Ay
(Tables)

1
i Sidereal Rotation

PEF
i Polar Motion Ry[-x,] Ry[-y,] i
| TTRF
Terrestrial Reference Frame
Traditional Traditional
1984 Procedures Interpolation
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Equinox based CIO based

Celestial Reference Frame

| | | |
MHB2000 (z,,,6,, {,) MHB2000 (1, @4, ¥ 1, €)) XY X, Y

MOD (Series)

MHB2000 (Ag, Ay, €)

X, Y s
(Tables)

ERS CIRS
R Yy —TTTTTTTmTTTTTTTTTTTR | 228 B AN y_ - V"":
i Sidereal Rotation Ri[ 6457 2000 ] R;[ Oz ] :

TIRS TIRS

A | 2 vy v Yy Ty

'\ Polar Motion R[-3,] Ry[-x,] Ry [-7,] Ry[-x,] R[s” ] !
ITRF ITRF

v v \ 4 A 4 \ 4 A\ 4
Terrestrial Reference Frame
Traditional Canonical 4-term Non Series Traditional
2003 Procedures Rotation Rotating Origin Interpolation
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Equinox based I CIO based
Celestial Reference Frame
| ] 1 |
P03 (z,,0,,C,) | | PO3 (xy» @ Wy, €)) PO3 (&4, ¥, 01, 7)) l X, Y XY
MOD (Series)
MHB2000 (Ag, Ay, €) X, Y s
+ optional 2006 rate adjustments (Tables)

CIRS

. AN A 25N R 25 25 AN AN :
i Sidereal Rotation Ry[ 6457 2005 ] L Ry[ 6, ] :
TIRS TIRS

e 250 250 \ 2B 28 ! 2T 2

1 . s 1

' Polar Motion Ry[-y,] Ry[-x,] R[] Ry[-x,] Ry[s 7] :
ITRF ITRF

v v , 1 | \ AR 2 / v 4
Terrestrial Reference Frame
Traditional Canonical 4-term Fukushima — Non Series Traditional
2006 Procedures Rotation Williams Rotating Origin

Interpolation
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Earth’s shape B e

* Oblate Spheroid
— An ellipsoidal approximation

e Other terms

— Geoids

» Gravity acts equally at all points on this surface
— Plumb-bobs will hang perpendicular

— Geopotential

 Mathematical representation of the precise
gravitational effect



Earth Surface ‘ !
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Deflection of the VerﬁE;l

all
HMSL s

Actual surface
Mean Ocean Surface

Ellipsoid

1

"1 to ellipsoid

1 to plumb-bob
N

Mean Sea Level (geoid)

A e e



Earth Ellipsoid T

* Convert ,.
geocentric ﬂ Vi
(¢gc) and | A \“\ Auxiliary Circle
geodetic < ‘
(¢,,) latitude -
. ¢)ng " (ellip da?];pp imation)
: ﬁ(ﬁg P “\ |_ : Equataorial P1
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 Fundamental Concepts
 Newton

o Kepler

* Perturbations

e Orbit Determination

* Applications

Chapter 1
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Newton’s Laws

« 1. Every body continues in its state of rest, or of uniform motion in a

right [straight] line, unless it is compelled to change that state by forces
Impressed upon it.

« 2 - . _ . d
5 Calvin and Hobbes '_ - | |

ir

. OWn words.

11 Explain Newtons First ||
Law of Motion in your | |

Yakka Foob MoG. GRUG ||
|| PubbaWuP ZiNK waffooMm | |
GQ7ORK . CHUMBLE Spuzz.

DTEHPUAG SO0 JESIOMUTY AD ISQUOS I A SEEE
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Gravitational Law
e Forms the basis of Two-
body dynamics
— G is constant of gravitation = [ g, 7
6.673x1020 km3/kgs? Soraiy === 5= B
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Two-body Equation of Motion s i

e Simple form resulting from

_ G(m(-B + msat) r
2 —

N
||
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 Fundamental Concepts
 Newton

o Kepler

* Perturbations

e Orbit Determination

* Applications

Chapter 2
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1. The orbit of each planet is an ellipse with
the Sun at one focus.

e 2. The line joining the planet to the Sun
sweeps out equal areas in equal times.

e 3. The square of the period of a planet is
proportional to the cube of its mean distance

to the Sun.
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o All orbits
follow
— Circle
— Ellipse
— Parabola
— Hyperbola
— Redctilinear
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Nomenclature

o Kepler's Equation and Kepler’'s Problem
— Very different!
— Kepler’s equation
* Found during Kepler’'s analysis of the orbit of Mars

— Kepler’s problem

* Generically used for propagating a satellite forward
— Usually two-body dynamics
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Kepler's Equation

 Find Eccentric — )

anomaly (E)

—E: Ooat V:OO,
180°

aSIN(E)

rSIN(7)

o =
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Kepler’s Problem CINLER, FQR STACE

* Find future position
and velocity

— Glven starting state
— Called propagation
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Satellite State Representations s

« Convey location of a satellite in space and time

« Types

— Numerical

Position and velocity vectors

— Analytical (Elements)

Classical (Keplerian, Osculating, two-body) (a, e, i, 2, ®, V)
Equinoctial  (ag, ag, L, n, 7, ¥)

F“ght (A, ¢gc’ ¢fpa’ IB’ r V)
Spherical (&, 6, @0 5, 1 V)
Canonical

— Delaunay

— Poincare
Mean elements (theory dependant)

— Two-line element sets

» AFSPC, SGP4 derived, ‘mean’ elements

— ASAP

- LOP

— Other

Other

— Semianalytical

. *» Theory dependant
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Classical Orbital Elements i
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 Fundamental Concepts
 Newton

o Kepler

* Perturbations

e Orbit Determination

* Applications

Chapter 8/9



cCsss)

Introduction T
e Several forces affect satellite orbits
— Gravitational
— Atmospheric Drag
— Third Body

e Sun, Moon, planets
— Solar Radiation Pressure

— Tides
« Solid Earth, Ocean, pole, etc.

— Albedo
— Thrusting
— Other
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Applicability CENTES (A

entral Body Gravity

BESEEE T Atmospheric Drag

Third Body Gravity

Solar Radiation Pressu

BESEEE Solid Earth Tides
BT Ocean Tides

BT Albedo
100 1000 10,00 100,000
Orbital Altitude (km)




Perturbations
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| Mean Change

N

K\ﬁ
A

— Mean Change

Short-periodic plus long-periodic, and secular

Long-periodic and
secular
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Central Body Gravitational Forces i

» Largest single contributor to the motion
— It's why satellites stay in orbit!

Conservative force
— Total kinetic and potential energy remains the same

oM & a " . .
V= 1+ Z Z P o (sin ¢)(Cnm cosm A, + Snm sinm A.)
=2 m=

r

1 dm s 9 n
- 1l 1 . 1
2" n! d"(sin @) (Sm ’ ) P = (2n+ Dk(n—m)! |2 P ., and Con | _ (n +m)! 2 |G,
g nm (n+m)! nm’ S, Qn+Dk(n-m!| |S, |

P (sin ) _
d"(sin ¢) " with k = 1form = 0,and k = 2 form # 0.

P (sin ¢)=

an (sin ¢) =(cos ¢)m
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Zonal Harmonics SAIER [RBSTAS,
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Sectoral Harmonics SRS [PBSTEE

Side
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Tesseral Harmonics
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ApSIdal Rotation GRS [ ST

20
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Gravitational Effects

e Long ago when computers were slow...

« Gravitational modeling

— Often square gravity field truncations
« Appears the zonals contribute more

— Point to take away:
* Use “complete” field

« Any truncations should include additional, if not all,
zonal harmonics
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Gravitational Modeling

o Satellite JERS (21867)

— Comparison to 12x12 field

— Note the variability over time
o 22x22 vs 18x18 and 70x22 vs 70x18

300.0
——22x22 ——70x22
——20x20 ——70x20

——18x18 ——70x18

W 70x16
N P Y
v

70x14

Difference (m)
Difference (m)

16x16

14x14

Time, min from Epoch
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Atm OSpheHC Drag SANTER, LB SAEE

« Large force for near-Earth satellites
— Very difficult to model

 Non-conservative force

— Total kinetic and potential energy not constant
» Heat, other losses through friction

a — _lp CDA V2 Viel
drag ~— 7 rel
m

—_

rel




. =
Drag Effect on Orbits

— -
L = >
y ~
™~
.. \
\
\ Apogee
i
/
/
/
/
._ g
R S -
~
= - Unperturbed orbit

Orbit tends to circularize



Avallable Data
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300.0
F 97
\\
ctr F o7

250.0 | / !

Trend

/

/\ p
200.0 -
150.0
100.0 - /
o i f L ‘
Solar Cycle Solar Cycle Solar Cycle Solar Cycle Solar Cycle
19 20 21 22 23
Jan-50 Jan-54 Jan-58 Jan-62 Jan-66 Jan-70 Jan-74 Jan-78 Jan-82 Jan-86 Jan-90 Jan-94 Jan-98 Jan-02 Jan-06 Jan-10

/aagi
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Space Weather — Predictions S

o Lots of Variability

* Not very accurate
* Never use 0.0!

— Schatten
» Varies with each solar cycle

— Polynomial Trend

— Matches several solar cycles

 Fp, =145+ 75*COS{ 0.001696 t + 0.35*SIN(0.001696 t )}
— tis the number of days from Jan 1, 1981
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Observed vs Adjusted Solar Flux S

e Data errors
— Some | om0 |~
iInconsistencies™

« 10-40 SFU 200
— Which does  w
the model Mnnnf\M MAM\ WMMAM
equire” G
. MSIS P |
— Observed ™ oo oo (b}’
« Others . =
— Adjusted

-40.0 T T T T T T T T T T T T T T
Jan-50 Jan-54 Jan-58 Jan-62 Jan-66 Jan-70 Jan-74 Jan-78 Jan-82 Jan-86 Jan-90 Jan-94 Jan-98 Jan-02 Jan-06
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Solar Flux Predictions — Long Term St

 Data differences

— One solar cycle
« ~150 SFU
— Almost equal to the -

solar min-max
difference!
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Solar Flux Predictions — Shorter Term AN, Rt

* Data
differences |
—Min, Mid, and "~ g
Max mol R/ TN s
N
+ 30-50 SFU .. mw I j N\
— Note timing of \ ik

[
. . \\lh il "i!'r" I”'Mlm W[!:ihh\llmnn ‘“Wlt H H I h /
Cycle is off u"“ ------- iy \ ------- ot

300.0

{

|“ Wm 1”

|

00 T T T T T T T T T T T
Jan-94 Jan-96 Jan-98 Jan-00 Jan-02 Jan-04 Jan-06 Jan-08 Jan-10 Jan-12
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Solar Flux Predictions — Shorter Term SRS S GANGS

e Early, Mid, and
Late
— Also 30-50 SF N \

250.0

differences | NP e

| Ll ,..mn, ‘ Lat -
=R/ AN / /
\\ i "ill | {‘lllll i lﬂi“"lﬂm\ /

»'l)!!ln,u. N h /
|\| ||| 1| \ 4
| !II i 4
100.0 T ‘“ ‘llllm(h:"ll{"l l“h l N /
| v \I
b Wm "I“ 7 BN N “'n. |“ bl l"/
50.0
] Yy y April 200
0.0 T T T T T T T T T T T
Jan-94 Jan-96 Jan-98 Jan-00 Jan-02 Jan-04 Jan-06 Jan-08 Jan-10
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Solar Flux Predictions — Short Term St

« NOAA Predictions
— 2/7-day and 45-day (F';o; and a,)
— 3-day

* 3-hourly K, values off significantly as well

20
15 1
27-day F o, 27-day a,
g 104
s

30
20
10
S
B
2
g 0 5
5
£ -10 q s
5 2
_— =
= 201 45-day F o7 E3 \
=
z :
=3
R Y
-30 - \/\/ (I}
-40 1
-5 1
=50
-60 T .
0 7 14 14
Predicti

T
21 2
iction time (days) Prediction time (days)

45-day a

VviTiavas

A

/aagi
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Simulated Sensitivity Analysis s

 JERS sample orbit

— Different _——
atmospheric models | Pt
e Baseline /f e
— Numerica_ll 10000 -~ — MSISS6 MSIS90
propagation =
— Jacchia-Roberts gwoo
gergi::génetic ] o M
— Relative comparison
only

Time, min from Epoch

aagi




Simulated Sensitivity Analysis =

« JERS sample orbit

100000.0 ;

— Different treatment

| ObsC81Dly omcoms s
Of the da.ta. 10000.0 N \ /)(i /%Dlyﬁ
— Baseline M
« Numerical : /((,/
Propagation
. Jacchia-Roberts *

10.0 1
1

« 3-hourly
geomagnetic

%Tf
1.0 W\ (‘/ﬂv g i /yn
) {Wﬂﬂ | - - Obs3HrInt ‘

0 1440 2880 4320 5760
Time, min from Epoch

aagi




NRLMSISE-00 Results — Short Term ﬁsy

STANDARDS & INNOVATION

10001):
100.0 L/
E; T.OT20 L(
2 LOI20
é 7 cano /gl
& | L810bsConAlL_J> ’ ,
10.0 _ﬂ!v
: ﬁ’ﬂ /é
7? Q £  [ f‘ | i na |
1\~’ @W N\w M
1.0 ‘.:A .. A

1320 1560 1800 2040 2280 2520 2760 3000 3240 3480
Time, min from Feb 20, 2008 00:00:00.000 UTC



NRLMSISE-00 Results — Long Term E=assl

TAN DARDS & INNOVATION

. 100000.0 1
e Observations: *
— Model specifies |
observed 100000 |
* Adjusted } ObsC)
performed well ] Los20 ™
LAI20\ s : -
— Centered 81-day §°°°'° o N\
best § LOT20 4 | ' 4
- 20:00UTCbhest £ | N7 \.,
— Spline 7 / ! cpz
Interpolation very j ﬂ N\
gOOd 100 ‘,1" ' C0S20 |
* No single best | i CaT20 '
| i N\CAT17
answer LAS20 0op20  cAR20
0 1440 2880 4320 5760 7200 8640 10080 11520

Time, min from Feb 20, 2008 00:00:00.000 UTC

/aagi




Jacchia-Roberts Results — Short Term ﬁssﬂ
% cii%z ~
g szlzzo gggo, : CAS20 A
T : \, A“: OsC nAll Avg A CTZO /\ '/\/ V
% N HW "!‘!
| "a\hl‘ nll i N \\\\\\\\\\\ bl ?é‘?%“

Time, min from Feb 20, 2008 00:00:00.000 UTC



Jacchia-Roberts Results — Long Term éssm

STANDARDS g, INNOVATION

° ObSGrVations: 100000.05
— Adjusted *
performed well in 5, | »
all cases LOS20 conzovclloono.,o“‘“" / ,
— Centered 81-day - \\I:Alzo\ NG
best Can ObsConAll Ay f’j
— 20:00 UTC best ¢ # \
— Dally 2 Cupo  [CAD20
geomagnetic very - 1%
good, but all were
close
« No single best "
answer
1.00 - ‘1440 ‘28‘80‘ | ‘4320‘ | ‘5760‘ | ‘7200‘ | ‘8640‘ | i008(; | i1520

Time, min from Feb 20, 2008 00:00:00.000 UTC
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e Atmospheric Drag

— Large variations
* Changing the atmospheric model

« Changing how the input data is interpreted
— F,,, at 2000 UTC

— Last 81-day average F,, - vs. the central 81-day average

— Using step functions for the atmospheric parameters vs
interpolation

— Many others (see AIAA and UC paper)
— Point to take away:
e 1-1000 km differences are possible

* Unable to determine if from data interpretation or model
differences
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e Can affect GEO satellites strongly
« Conservative force (like gravity)

G(mg +my,, )r, 2 7.

a — ® sat)' ®sat sat3 @3

A3_pody =~ 3 + G, ( T )
r@Sdt rsat3 I"@3
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Solar Radiation Pressure SIS [P

o Large effect for high altitude satellites (GPS, GEO, etc)
— Non conservative force

« Shadowing by the Earth becomes very important
— All satellite altitudes

« Solar Irradiance (pg,) is difficult to measure accurately

=~ CRASun Vsat—Sun
asrp =~DPsr

m | sat—Sun|
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Solar Irradiance (W/m?) SENIES [P

1376

1374 -

1372

1370 -
—e— SMM

NOAA-9

1368 - NF)AA—lO
—%— Nimbus
—— Composite

1366 - —— URS2

1364 -

1362 -

1360 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘

1/1/1978 1/1/1980 1/1/1982 1/1/1984 1/1/1986 1/1/1988 1/1/1990 1/1/1992 1/1/1994 1/1/1996 1/1/1998 1/1/2000 1/1/2002

hag



Earth Shadow Geometry

Penumbra

Vertex (I)
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PLANET CALVIN MONES
ACROSS THE SOLAR SISTEM.

HOBODY NOTICES UNTIL HIS
QRBIT TAKES HIM DIRECTLY
BETHEEM THE SUN AMD EARTH.

CALNIN CRYSES A TOTAL
SOLAR ECLIPSE! EARM 15
SHECAUDED ™ DRRENESS.
WO LONG WILL CRLVIM
STRY THERETY

L




Earth Shadow Geometry
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Lunar Orbit

Penumbra

GEO Orbit

\
Earth —\‘E

¥

Penumhl a|
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Solar Radiation Pressure Sensitivity éssm
Results

STANDARDS g, INNOVATION

 Solar Radiation Pressure
— Several variations shown

. 26690 (GPS) \ R
— Notice max is ~100m
— Definitions | m e

e Cylindrical
— Defines shadow type
* App to true
— Acct for light travel from

1.000

—280.000

ce (m)

app to true

Differen

0.100 -

Sun to CB
e True —
— Inst light from Sun
* No Boundary boundary
— Change step size at o
penumbra/umbra Time, min from Epoch

— Point to take away
» Relatively small effect
e Some variations

/aagi
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Special Perturbations

 Numerically integrate the equations of motion
— Time consuming, but accurate

a + anon—spherical T adrag T a3—body T asrp T Qsides T Aother

o
r
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General Perturbations

* Truncate analytical expansions and solve directly
— Large time steps

« Each approach is mathematically different
— SGP4

DILBERT by Sc_btt_ Adams '

I'VE NEVER SEEN!YOU 1 WROTE THE CODEFOR| | ITs THE  YOU BOYS
DO ANY REAL WORK
AROUND HERE ; IRV.
HOW DO YOU GET. AWAY
WITH 177

OUR ACCOUNTING
SYSTEM BACK IN THE
MLD-EIGHTIES, IT'S
A MILLION LINES OF
UNDOCUMENTED
SPAGRETTL

HOLY MAY FIND A

GRAIL oF LITTLE EXTRA | !
TECHNOLOGY!! TN YOUR

ENVELOPES

) THIS MONTH.

© 1994 United Feature Syndicale, Inc.

S.Adtrs  E-Mail: SCOTTADAMS@AOLCOM




Semianalytical

 Blend numerical and analytical
— Analytically solve secular and long period

components
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— Numerically integrate the small short period

e |

N

variations

Mean change

Short-periodic plus loang-periodic, and secular

/
7

Long-periodic and
secular

/K
.I'T’-"-'-'.

Secular

e
e
N
-
-
- -
"
.,
/ ]
I

i
Q



Force Model Sensitivity — €SSl
Results
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 Force model contributions
— Determine which forces contribute the largest effects
o 12x12 gravity field is the baseline
— Note

» Gravity and Drag are largest contributors for LEO
« 39 body ~km effect for higher altitudes

— Point to take away:

* Trying to get the last cm from solid earth tides no good unless all
other forces are at least that precise



L =
Force Model Contributions s

e Low Earth Orbit
ISS JERS

25544 21867
1000000.0 — 1000000.0
/ — Vs TWO- W / — vs Two-
100000.0 - Body 100000.0 Body
—— vs EGM- —— vs EGM-
96 70x70 96 70x70
10000.0 o 10000.0 -
—— vs Drag — vs Drag
MSIS 00 MSIS 00
£ 10000 vs Drag £.1000.0 1 W s Drag
8 Jrob © Jrob
S 2
3] )
5 ‘ —— vs Third g it —— vs Third
£ 100.0 Body 'E 100.0 '“[r M Body
vs SRP l || "' vs SRP
10.0q 10.0 1
—— vs Solid —— vs Solid
Tides Tides
1.0 vs 1.0 s
Ocean Ocean
Tides Tides
01 L ‘ ‘ ‘ 0.1 ‘ ‘ :
0 1440 2880 4320 5760 0 1440 2880 4320 5760
Time, min from Epoch Time, min from Epoch




L =
Force Model Contributions s

e Low Earth Orbit

Starlette Vanguard Il

7646 11
1000000.0 — 1000000.0 e
— vs Two- —— Vs TWO-
100000.0 Body 100000.0 Body
—— s EGM- —— s EGM-
96 70x70) 96 70x70
10000.0 10000.0 |
—— vs Drag — vs Drag
MSIS 00 _ AN MSIS 00
= s PR € 1000.0
£ 1000.0 —— vs Drag = Yy VWVWVWWVVWV\N vs Drag
@ 'N_d__,_,_,.f—’—"_ Jrob 3 WVW Jrob
2 c
5 Third 5 —— Vs Third
o AMAAAAAANR Y| | —— v Thir &
£ 1000 . RO 3 s i A i Body £ 1000 o
; TR e ) VAV
10.0

NWANV\AN\N"\"’W s Solid

AAVVWVAW| | — s Solid y
WV\,\NW\N\N\NW"V‘NV\NV‘A Tides Tides
1.0 4

e \[S e VS
Ocean Ocean
Tides Tides
0.1 t T
' 0 1440 2880 4320 5760
0 1440 2880 4320 5760
Time, min from Epoch Time, min from Epoch




L =
Force Model Contributions s

e Low to Mid Earth Orbit
Topex GPS

22076 26690
1000000.0
1000000.0
1000000 — Vs TWOo- — Vs TWO-
: Body 100000.0 Body
—— VS EGM- W\/\/ —— Vs EGM-
100000 96 70x70 A /-\/\/\/ 96 70x70
: 10000.0 N ™ - RS
—— vs Drag _fj —— vs Drag
MSIS 00 MSIS 00
% 1000.0 vs Drag £ 1000.0 vs Drag
o Jrob 3 Jrob
5 5
Q — H — - .
£ 1000 vs Third g 100.0 vs Third
a Body a Body
vs SRP vs SRP
10.0
_'_—n-'-‘_'—-'-_’
—— vs Solid | """ | |— vs Solid
Tides Tides
1.0
e \IS e /S
Ocean Ocean
Tides Tides
o1 0.1 ;
’ ‘ ‘ 0 1440 2880 4320 5760
0 1440 2880 4320 5760
Time, min from Epoch Time, min from Epoch




L =
Force Model Contributions s

« Mid Earth Orbit, eccentric
SL12RB Molnyia

25054 20052
1000000.0 ‘ =
| ‘ VA S "V’m 1000000.0
MR VVVV — e —e
100000.0 o (- W ¥ Body Body
‘ 100000.0
—— vs EGM- —— vs EGM-
f 96 70x70) 96 70x70
10000.0 A A B
L AN oy e — o
| MSIS 00 MSIS 00
£ 1000.0 | A\/j\/ A vs Drag N vs Drag
o ’ e A A VoA Jrob £ 1000.0 Jrob
g f | \ /\ /\ \ /\ / \‘/ ro [} ro
e | //\5 / \ \ v Vv g g
:q:a 1000 . A\ / v V V —— vs Third g —— vs Third
& N Body E 100.0 Body
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10,0 | ‘ \/\/\/\/‘
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Tides Tides
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—\S 1.0 4 — S
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L =
Force Model Contributions s

 Low Earth and Geosynchronous Orbit
ISS (for comparison) Galaxy 11

25544 26038
1000000.0 — 1000000.0
// —— Vs TWo- Vs Two-
100000.0 Body 100000.0 - —— Body
r’ /  WEGM _/_/_'_‘#—/\ — s EGM-
/ 96 70x70 M 96 70x70
10000.0 / 10000.0 /: —
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/ MSIS 00 MSIS 00
E 10000 - vs Drag % 1000.0 vs Drag
3 [ Jrob ] Jrob
: N i g g
;05 100.0 l “ ml | (‘\ 0 A\t ! [ Body £ 100.0 Body
| i
\ ol ' ' ' Vs SRP vs SRP
100 | e “M wu;iwwu‘lwl\l;4!}!}\0““‘;‘.\‘»n;t'l(llt{»,‘g,n/‘ 10.0 1
A e — s Solid — s Solid
J Tides —— Tides
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1.0 |- v -
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[ Tides 01 ‘ P
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 Fundamental Concepts
 Newton
o Kepler
* Perturbations
a0 ® Orbit Determination
* Applications
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e Orbit Determination
— Process of determining an orbit from observations
— Also called Estimation

 Filtering
— Determining the current state after each observation
e Smoothing

— Improve previous state solutions using future data
— Runs backwards
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Terms SRS LR SRGE

e Deterministic
— Dynamics are known and can be calculated
— Propagation
e Assuming a specific set of force models
e Stochastic

— Uses observations to correct for unknown or
mis-modeled dynamics
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e | east Squares
— Minimizes the sum-square of the residuals

— Depends on a fit span
e Length of time to process a batch of observations

— Often called Batch Least Squares (BLS)
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Linear Least Squares Example s

e Assume a mathematical model of motion
y=o+px

e Residuals defined as
1= Yo, = Ve, = Vo, — (@ T X, )

e Cost function (Jacobian)

J =207 = flaB) =) (y, —(a+fBx,))

e Minimization of residuals
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Linear Least Squares Example s

e Matrix development

1 xol_ v,

11 L x, ||o 1 1 L\,
Xo KXo, X, i B X, X, X, :
1 x V.

_ Y N IQ\W_; _ _ J \__Y_}N_
AT A X AT b

 Normal Equation
— X =(ATA)A7h



Noise <

Drift ' life
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N

Bias

»
»

\

Drift
Noise

True Position




 Dimensions and probability

Statistical Concepts

Dimension | z= 1o 20 3o 4o
1 68.27 95.45 99.73 99.99
2 39.35 86.47 98.89 99.96
3 19.87 73.85 97.07 99.89

césn)
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Covariance Matrix

 Measure of uncertainty
« Grows with the satellite state propagation
P=(ATWA)'
— W s weighting or sensor accuracies
— A 1s partial derivative matrix

e Correlation Coefficients
— Off diagonal terms

« Eigenvalues
— Indicates each axis of the ellipsoid



LS Applied to Satellites: Overview

Initial Orbit
Determination

Obtain Good
Initial State
Estimate, X

How good?
Radius of Curvature

What state representation?
Equinoctial, Keplerian, other

Orbit
Determination

How to solve for Jacobian?
Analytical, finite differencing
Least Squares Solution method?

Classical, Single Value Decomposition

) 4

loop through
observations

A

CsSs)

A

y

Propagate X to
observation
times

A

y
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Form Residuals

A

y

Solve
Jacobian

Converged?

A

y

Solve

Least

Squares
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LS Algorithm: Matrix Inverse Approach  cis s s
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« FOR i =1 tothe number of observations (N)

Propagate (SGP4, HPOP) nominal state to time of observation (TEME, ICRF)

Find the slant range vector, sensor to the propagated state in the topocentric (SEZ)
coordinate system

Determine nominal observations from the SEZ vector

Find the b matrix as observed — nominal observations

Form the A matrix

» Finite (or central) differences

» Analytical partials
— H, Partials depending on observation type
— @, Partials for state transition matrix.

— Accumulate A”TWA and ATWb
« END FOR

e Find P=(A"WA)-! using Gauss-Jordan elimination (LU decomposition and
back-substitution)

e Solve x=PA™Wb

 Check RMS for convergence

e Update state X=X+ dx

 Repeat if not converged using updated state
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Sequential Batch Least Squares =i

* Process additional observations
— Use previous results

 Bayes Theorem

 Normal Equation
— This 1s for “k” previously determined obs
— “k + n” new obs

~

Sx(0|k+n)y=(A W A +P YN AW b+ AWbh)

new new —new new new — new
A

P =POlk+n)=A. W A +P )"

k+n new' " new”* “new
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Extended Kalman Filter

Actual Orbit
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Extended Kalman Filter

at each obs time H, | = i
0X

k+1

Prediction

gl b1 = —
X(tk+1>tk):ft thdt+th

.
A

POk,
8th+l
(1, ,.1,) = F(O)®(t,.,,.1,) Predicted State
6%,, =0 Predicted State Error
P, =®Pd 40 Predicted Error Covariance
Update
5k+1 =z Hk-i—l)?lﬂ—l
Ky = }_)k+1H kT+1[H k+léc+1H kT+l +R]' Kalman Gain
8%, = 6%, + Kb, State Error Estimate |
b =P, —K,_H,_ P Error Covariance Estimate

State Estimate
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Averaging and Fit Spans i

* QObs are taken periodically
« Updates often occur at regular intervals

* Least Squares approaches “average” data collected for
a “batch” of time — the Fit Span

Epoch 1 Epoch 2 Epoch 3

Obs ————, ] Time

A

&
<«

— > Fit span, 3 days

Daily Updates T T 1 T 2 T 3
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 Fundamental Concepts
 Newton

o Kepler

* Perturbations

e Orbit Determination

« Applications

Chapter 11
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 How do we put all this together and accomplish our
original goal?
— Many analyses possible

* Prediction
— Satellite look angles (Our original question)

 Behind the scenes
— Time of observations
— Coordinate systems throughout
— Orbit determination of observations to obtain a state vector
— Propagation to form an ephemeris
— Calculations for Sun and Satellite to determine visibility

— And several other smaller details!
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Satellite Orbital Characteristics i
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Predicting Satellite Look Angles s s

Terminator

a - Below horizon

e
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Rise Set Characteristics GETES
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Finding the Site Information (1) sl

* Approximate formulation
— Non-rigorous ECEF
— Don’t account for sidereal/solar time differences

/1 ECI — [ROB(_QLST)] [ROTQ(—90° - ¢gd )]pSEZ
/5~ECI =[ROT3(—6,5,)][ROT2(-90° - ¢gd )]'D SEZ
¥ gcr = Poger T siercr

V_oecr = P-pcr T W X7 _gey
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Finding the Site Information (2) sl

* Rigorous formulation (STK approach)
— Precise ECEF
— Account for sidereal/solar time differences

Prcer =[ROT3 -A) [ROTZ(—90°—¢gd)]ﬁSEZ
ﬁECEF =[ROT3 _ﬂ) [ROTz(_9OO_¢gd )]ﬁSEZ

FECEF = ﬁECEF + FSiteECEF

Vicer = ﬁECEF

(yr,mon,day, UTC,AUT1,AAT)= (UT1,TAL,TT,T,;,,T;;)
[PREC]= ROT3(—z)ROT2(®)ROT3(-¢{)

[NUT]= ROT1(—€)ROT3(-AY)ROTI(E)

[ST]=ROT3(6,5;)
/ [PM]=ROT2(~x,)ROT1(~y,)
Differences Fyr =[PRECY [NUTT [ST] [PMT Fyepr

from Boey =[PRECT INUTT [STT {[PMT ¥ppr + @ X Frgy |
Approximate
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Results GENTES SR STASE

» Rigorous approach
— Position (ECI)
e -5505.504883 km

e 56.449170
e 3821.871726

« Simplified approach
— Position (~ECI)
e -5503.79562 km

e 62.28191
» 3824.24480

e Difference
— 6.52 km

* Perhaps this is acceptable?
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« Applying textbook solutions to real-world
problems will give the wrong answers
— Assumptions add up

— Examples:

« Communicating with a satellite using Laser comm
— At orbital velocity, 2 sec is nearly 14 km
» Will your signal be able to locate and receive?

« Will you pass System Acceptance Testing?
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A word of Caution ...

 Fundamentals vs Applications
— Undergraduate vs Graduate
— Classroom vs Operational
— Attention to detail important
— Nomenclature is important
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Resources GENTER, FQR SPAGE

e Book

— Microcosm
e Pam is here!

e http://www.celestrak.com/software/vallado-sw.asp

— TLE data
— EOP and Space Weather Data

— Code
. SGP4
 Other

— Errata
* Not all updated but most are

— Solutions
* Not complete — ask ©
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I was wrong, CLE, y‘éu DO have to be a rocket scicatist to figure this out! .




